Introduction
The Schr odinger reprentation of the Heisenberg group is the unitary representation de ned by (p; q; t)f(x) = e {pq e 2 {t e 2 {qx f(x + p) where p; q; x 2 R n , t 2 R and f 2 L 2 (R n ). The group law of the Heisenberg group is re ected in the formula (p; q; t) (p 0 ; q 0 ; t 0 ) = (p + p 0 ; q + q 0 ; t + t 0 + 1 2 (pq 0 ? p 0 q)):
The unitary operator (p; q)f := (p; q; 0)f may be thought of as a phasespace translate of the function f. This paper is concerned with the completeness properties of the set S f; = f (p; q)f : (p; q) 2 g (1) where f 2 L 2 (R n ) and is a discrete set in R 2n . It is a well known that the completeness of such sets depends on the density of the underlying set of phase space translates. In particular, if the density is su ciently small, the set S f; should be incomplete. Examination of known special cases leads to the conjecture, made precise in the next paragraph, that the threshold density should be one.
Let be a discrete subset of R N . Choose E, a measurable set of measure one. Denote by + (r; E) the maximum of the number of points of occurring in any translate of rE. The quantity ? (r; E) is the minimum of the number of points of occurring in any translate of rE. The It is a theorem of H.J. Landau 5] that these uniform densities are independent of the particular choice of set E with measure one.
Conjecture 1 Let R 2n be a discrete set in phase space and f 2 L 2 (R n ) If D + ( ) < 1 then the set S f; is incomplete in L 2 (R n ).
In the case where f(x) is a gaussian, the validity of this conjecture follows from the work of K. Seip and K. Seip and Wallst en; see 8] and 9]. The main thrust of the conjecture is that the imcompleteness phenomena is claimed for an arbitrary function f 2 L 2 . When has the additional structure of a lattice in R n this result follows from work of M. Rie el 7]. His approach relies on the computation of the coupling constant of the von Neumann algebra generated by (p; q) where (p; q) 2 . Special cases of this result have been established without recourse to the machinery of operator algebras. One such approach, using the Zak transform, has been given by I. Daubechies 2] under the additional assumption that the density of the lattice is rational.
In a recent preprint, A.J.E.M. Janssen 4] has shown that S f; can never be a frame (see section 3 for the de nition) provided is a lattice with density less than one. In this paper, we shall give a direct proof of the conjecture when is a lattice | our techniques do not use sophisticated concepts from operator algebras but rather an elementary analysis of thè phase space content' of the functions in S f; . It should be noted that the arguments presented also yield a necessary upper bound on the uniform lower density of a discrete set of coherent states that is also an Riesz basis for L 2 .
In addition, certain variants, where is allowed to be more irregular, are also discussed. Necessary conditions on the density of in order for S f; to be a frame, have been given by Landau 6] provided both f and its Fourier transform have faster than linear decay. This type of result is shown to hold without the decay condition in theorem 3. It is hoped that the work presented here will provide the basis for proving the above conjecture.
A Comparison Theorem
The statement of the main result in this section requires the following denition.
De nition 1 Suppose the set S f; is complete for some f 2 L 2 (R n ) and a discrete subset of R 2n . S f; has the homogeneous approximation property if given g 2 L 2 (R n ) and > 0, there is a R > 0 such that for any (p 0 ; q 0 ) 2 R 2n , (p 0 ; q 0 )g can be approximated to within in the L 2 -norm by a vector in f (p; q)f : (p; q) 2 \ B R (p 0 ; q 0 )g: Theorem 1 Let ? and be discrete sets. Assume that there are two functions ; f 2 L 2 (R n ) such that S ;? forms a Riesz bases for L 2 (R n ) and that S f; is complete and has the homogeneous approximation property. By putting these estimates together with equation 4, we have
Since ; were arbitrary positive numbers the rst item in the theorem follows. The second item is established in an entirely similar manner.} Theorem 2 Suppose S f; is complete for some f 2 L 2 (R n ) and some lattice 2 R 2n . Then S f; has the homogeneous approximation property. We know (p 0 ; q 0 ) can be approximated to within by a sum of the form
c n (a n ; b n )f where (a n ; b n ) 2 B R (0) \ . Upon applying the unitary operator (r 0 ; s 0 ) and using the group law for the Heisenberg group, we get a sum of the form exp(? {(r 0 q 0 ? s 0 p 0 ))c 0 n (a n + r 0 ; b n + s 0 )f approximates (r; s) to within in L 2 -norm. Note that the points (a n + r 0 ; b n + s 0 ) are in and within distance R of (r; s) and the required property is established.} Two corollaries follow immediately.
Corollary 1 Let be a lattice in R 2n with density smaller than one and f 2 L 2 (R n ). The set S f; is incomplete.
Proof: Take (x) to be the characteristic function of the unit cube 0; 1] n and ? to be the integer lattice. The set S ;? is an orthonormal basis for L 2 . If S f; is complete, theorems 2 and 1 yield the result that 1 D + ( ):} A proof, using von Neumann algebra theory, of the preceding result follows from the work of M. Rie el 7]. A proof using the Zak transform has been given by I. Daubechies 2] in the case where the density of is a rational number larger than one. A recent preprint of A.J.E.M. Janssen 4] The constant is called the separation constant.
Let be a uniformly discrete subset of R 2n with separation constant > 0 and f 2 L ( R n ). We rst show that jh (p 0 +p; q 0 +q)f; (s; t) 0 ij 2 dpdq: (7) To see this, note that the map for any uniformly discrete set ? with separation constant > 0.
Our objective is the following theorem.
Theorem 3 Let 2 R 2n be a uniformly discrete subset with D + ( ) < 1. Suppose that for f 2 L 2 (R n ), S f; is a quasi-frame. Then S f; has the homogeneous approximation property.
When taken together with theorem 1, this yields the following strengthening of a result of H. J. Landau 6] .
Corollary 3 Let 2 R 2n be a uniformly discrete set. Suppose that for f 2 L 2 (R n ), S f; is a quasi-frame. Then D ? ( ) 1:
We rst develop some preliminary results necessary for the proof of theorem 3.
De nition 4 The Frechet distance Q; R] between two closed sets Q; R of R n is the smallest t 0 such that Q R t and R Q t where Q t is the set of all points within the distance t of Q. Q n converges wealky to Q if Q n \ K; Q \ K] ! 0 for every compact set K.
Lemma 2 Let be a uniformly discrete set and f 2 L 2 (R n ) such that S f; is a frame. Let 0 be a uniformly discrete set that is a weak limit of the sequence of translates of . Then S f; 0 is a frame with the same frame bounds as S f; .
Lemma 3 Let n be a sequence of translates of a uniformly discrete set, with D + ( ) < 1. Then there is a sub-sequence n i and a uniformly discrete set 0 such that D + ( 0 ) < 1 and n i converges weakly to 0 .
We defer the proofs of these two lemmas till after the proof of the above theorem.
Proof of Theorem 3: Suppose the set S f; does not satisfy the homogeneous approximation property. Fix > 0. Then there is a g 2 L 2 (R n ) and sequences (p n ; q n ) and r n ! 1 such that the distance of (p n ; q n )g to the span of f (p; q)f : (p; q) 2 \ B rn (p n ; q n )g is at least . Set n = ? (p n ; q n ). By applying the unitary tranformation (p n ; q n ) and using the group law for the Heisenberg group, we observe that g has distance at least to the span of ik . Set 0 to be the collection of these limit points. It is easy to verify that 0 is a uniformly discrete set with nite upper uniform density.}
We conclude this paper with the following direct consequence to corollary 2 and corollary 3. 
